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Abstract
A new approach extracting multi-parametric hydrodynamic reductions for the
integrable hydrodynamic chains is presented. The Benney hydrodynamic chain is
considered.
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1 Introduction
The famous Benney hydrodynamic chain [1]
Akt = A
k+1
x + kA
k−1A0x, k = 0, 1, ... (1)
describes a fluid dynamics of a finite depth. This paper is dedicated to a construction of
particular solutions.
1. Let us suppose that each moment Ak can be decomposed on N functions fm(k)(z)
of a single variable (N is arbitrary), i.e.
Ak =
N∑
m=1
fm(k)(a
m). (2)
2. Let us substitute this ansatz (2) in (1) instead all moments Ak with variable indices
(except the first equation in (1)), and suppose that the summation with respect to the
index i can be removed from the hydrodynamic reduction
N∑
i=1
[f ′i(k)(a
i)ait − f
′
i(k+1)(a
i)aix − kfi(k−1)(a
i)A0x] = 0, k = 1, 2, ..., i = 1, 2, ..., N.
It means, that hydrodynamic type system
ait =
f ′i(k+1)(a
i)
f ′
i(k)(a
i)
aix +
kfi(k−1)(a
i)
f ′
i(k)(a
i)
A0x, k = 1, 2, ..., i = 1, 2, ..., N
cannot explicitly depend on the discrete variable k. A solution of the system
bi(a
i) =
f ′i(k+1)(a
i)
f ′
i(k)(a
i)
, ci(a
i) =
kfi(k−1)(a
i)
f ′
i(k)(a
i)
is given by
fi(k)(a
i) = ǫi
bk+1i (a
i)
k + 1
,
1
ci(ai)
= b′i(a
i),
2
where ǫi are arbitrary constants, and the functions bi(z) are not determined yet.
3. Let us suppose that ai are conservation law densities. Then bi(z) ≡ z. The
hydrodynamic reduction
ait =
(
(ai)2
2
+ u
)
, i = 1, 2, ..., N, (3)
where u = A0(a), is the so-called “symmetric” hydrodynamic type system (see [11]) whose
generating function of conservation laws
pt = ∂x
(
p2
2
+ u
)
(4)
can be obtained by the formal replacement ai → p.
Remark: The above construction was derived from the whole Benney hydrodynamic
chain (1) excluding the first equation A0t = A
1
x. A substitution of the above formulae in
this conservation law implies the important constraint
∑
ǫm = 0. (5)
4. A consistency of (4) with (3) implies the so-called Lo¨wner equation (see [5] and
[11])
∂ip =
∂iu
ai − p
(
1 +
∑ ∂mu
am − p
)
−1
, (6)
where ∂i ≡ ∂/∂a
i. The compatibility condition ∂i(∂kp) = ∂k(∂ip) leads to the Gibbons–
Tsarev system (see [5] and [11])
(ai − ak)∂iku = ∂ku · ∂iδu− ∂iu · ∂kδu, i 6= k, (7)
where δ ≡ Σ∂/∂am. It is easy to see that the above moment decomposition (2)
A0(a) =
∑
ǫma
m (8)
satisfies (7) without restriction (5).
Remark: Suppose that symmetric hydrodynamic type system (7) possesses the con-
servation law ut = vx only (see (1)), where v ≡ A
1(a). Then the compatibility condition
3
∂i(∂kv) = ∂k(∂iv) implies (7) again, where ∂iv = (a
i + δu)∂iu. Thus, the existence of
one extra conservation law leads to the existence of infinitely many conservation laws (see
(4)).
5. Lo¨wner equation (6) can be integrated once
λ = p−
∑
ǫm ln(p− a
m) (9)
under substitution (8). λ is an integration constant here. Equation (9) of the Riemann
surface (see [6], [7]) possesses an expansion (λ→∞, p→∞)
λ = p+
A0
p
+
A1
p2
+
A2
p3
+ ..., (10)
where all higher moments are determined by the moment decomposition (see (2), (5), cf.
(8))
Ak =
1
k + 1
N∑
m=1
ǫm(a
m)k+1, k = 0, 1, ... (11)
Suppose that λ is a function of p and field variables ak. Then the Vlasov (collisionless
Boltzmann) equation (see [4], [10], [15])
λt − pλx + λpux = 0 (12)
is fulfilled due to (1) and (10). A substitution of the inverse series
p = λ−
H0
λ
−
H1
λ2
−
H2
λ3
− ... (13)
in (10) implies explicit expressions for all conservation law densities Hk(A
0, A1, ..., Ak).
For instance, H0 = A
0, H1 = A
1, H2 = A
2 + (A0)2, H3 = A
3 + 3A0A1, ... A substitution
(13) in (4) implies an infinite series of conservation laws
∂tHn = ∂x
(
Hn+1 −
1
2
n−1∑
m=0
HmHn−1−m
)
, k = 0, 1, ... (14)
6. Hydrodynamic reductions (3) are semi-Hamiltonian (see [14]) hydrodynamic type
systems which can be written in the diagonal form (see [5], [10])
rit = p
i(r)rix, i = 1, 2, ..., N (15)
4
by virtue of invertible point transformations ak(r). Consistency of (15) with (4) leads to
the Lo¨wner equation (∂i ≡ ∂/∂r
i)
∂ip =
∂iu
pi − p
,
written via Riemann invariants rk (cf. (6)) whose compatibility condition ∂i(∂kp) =
∂k(∂ip) implies the Gibbons–Tsarev system (cf. (7))
∂ip
k =
∂iu
pi − pk
, ∂iku = 2
∂iu · ∂ku
(pi − pk)2
, i 6= k, (16)
originally derived in [5].
7. An arbitrary N component hydrodynamic reduction (15) can be written in the
combined form (see (3) and (14))
akt = ∂x
(
(ak)2
2
+H0
)
, k = 1, 2, ..., K,
∂tHn = ∂x
(
Hn+1 −
1
2
n−1∑
m=0
HmHn−1−m
)
, n = 0, 1, ...,M − 2, (17)
∂tHM−1 = ∂x
(
HM(a,H)−
1
2
M−2∑
m=0
HmHM−2−m
)
,
where N = K +M , and HM(a,H) is some function determined from a consistency of the
above hydrodynamic type system and the generating function of conservation laws (4),
where u ≡ H0.
Remark: A simplest choice HM(a,H) = Σǫma
m extracts hydrodynamic reductions
(17) equipped by local Hamiltonian structures of the Dubrovin–Novikov type (see the
next Section).
Gibbons–Tsarev system (16) describes integrable hydrodynamic reductions (semi-
Hamiltonian hydrodynamic type systems) of integrable Benney hydrodynamic chain (1).
Thus, we believe that the Gibbons–Tsarev system is also integrable. At least, we know,
that the Gibbons–Tsarev system possesses infinitely many solutions parameterized by N
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arbitrary functions of a single variable (see [5]). All known solutions were found in [2], [4],
[8], [9], [15]. Nevertheless, a construction of such solutions is an open problem now. By
this reason, we try to suggest the new approach allowing to seek most general families of
particular solutions. This paper is devoted to a description of hydrodynamic reductions
(17), where HM(a,H) depends on all lower field variables Hn (n = 0, 1, ...,M − 1) and a
sole function ∆ = Σfm(a
m).
This paper is organized in the following way. In Section 2, hydrodynamic reductions
equipped by local Hamiltonian structures of the Dubrovin–Novikov type are determined
by the special choice HM = Σǫma
m. In Section 3, N + 2 parametric family of solutions
u(a) of the Gibbons–Tsarev system is found for the first special sub-case H0 = f0(∆). A
corresponding equation of the Riemann surface and corresponding two-parametric family
of hydrodynamic chains are constructed. In Section 4, the second special sub-case H1 =
f1(∆) is considered. Corresponding hydrodynamic chain and the Riemann surface are
presented. In Conclusion, a generalization of the approach presented in this paper is
discussed.
2 Hamiltonian reductions
The Benney hydrodynamic chain belongs to the class of Egorov hydrodynamic chains
(see details in [12], [13]), which possess a pair of conservation laws at = bx, bt = cx. In
the case of the Benney hydrodynamic chain, a = H0, b = H1, c = H2 −H
2
0/2 (see (14)).
All commuting flows of any integrable Egorov hydrodynamic chain are integrable Egorov
hydrodynamic chains too. A generating function of such Egorov’s pair is given by the
so-called dispersionless Hirota equations (see, for instance, [3])
∂τ(ζ)H0 = ∂xp(ζ), ∂τ(ζ)p(λ) = ∂x ln[p(λ)− p(ζ)], (18)
6
where p(λ) is a generating function of conservation law densities (see (4) and (13)) and
∂τ (ζ) is a formal operator (see, for instance, in [12]). Thus, the generating function of
commuting hydrodynamic reductions (they are obtained by a formal replacement p(λ)→
ai exactly as in (4))
aiτ(ζ) = ∂x ln(p(ζ)− a
i) (19)
possesses an infinite series of conservation laws (they can be obtained by a substitution
of (13) in (18))
∂τ (ζ)H0 = ∂xp(ζ), ∂τ(ζ)H1 = ∂x
(
p2(ζ)
2
+H0
)
, ∂τ(ζ)H2 = ∂x
(
p3(ζ)
3
+H0p(ζ) +H1
)
, ...
Remark: A substitution of (13) for p(ζ) and the formal series
∂τ(ζ) = −
1
ζ
∂t0 −
1
ζ2
∂t1 −
1
ζ3
∂t2 − ... (20)
in (18) leads to an infinite series of generating functions (cf. (4))
pt0 = px, pt1 = ∂x
(
p2
2
+H0
)
, pt2 = ∂x
(
p3
3
+H0p+H1
)
, ...
A substitution of (13) for p(ζ) and (20) in (19) leads to the infinite series of commuting
hydrodynamic reductions
akt1 = ∂x
(
(ak)2
2
+H0(a)
)
, akt2 = ∂x
(
(ak)3
3
+ akH0(a) +H1(a)
)
, ...
Thus, the generalized hodograph method (established by S.P. Tsarev in [14] and adopted
for an arbitrary set of commuting hydrodynamic type systems by J. Gibbons and Yu.
Kodama in [6], [7]) implies an infinite series of particular solutions determined by the
generating function
xdak+td
(
(ak)2
2
+H0(a)
)
+yd
(
(ak)3
3
+ akH0(a) +H1(a)
)
= d ln(p−ak), k = 1, 2, ..., N
for the Benney hydrodynamic chain as well as for the Khohlov–Zabolotzkaya system (see,
for instance, [8])
ut = vx, uy = vt + uux,
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where x = t0, t = t1, y = t2.
Let us consider a set of hydrodynamic reductions (17) extracted by the constraint
HM = Σǫma
m.
1. In the case of the waterbag reduction (8), H0 = Σǫma
m. Thus, the simple compu-
tation (see (19))
∂τ (ζ)H0 ≡ ∂τ (ζ)
(∑
ǫma
m
)
= ∂x
(∑
ǫm ln(p− a
m)
)
= ∂xp(ζ)
leads to equation of the Riemann surface (9). The waterbag hydrodynamic reduction (see
(3) and (9)) possesses the local Hamiltonian structure of the Dubrovin–Novikov type
ait =
1
ǫi
∂x
∂H2
∂ai
,
where the momentum and the Hamiltonian densities are given, respectively, by
H1 =
1
2
∑
ǫm(a
m)2, H2 =
1
6
∑
ǫm(a
m)3 +
1
2
(∑
ǫma
m
)2
.
2. Suppose, in comparison with the waterbag case, that H1 = Σǫma
m. Then (see (19))
∂τ(ζ)H1 ≡ ∂τ(ζ)
(∑
ǫma
m
)
= ∂x
(∑
ǫm ln(p(ζ)− a
m)
)
= ∂x
(
p2(ζ)
2
+H0
)
leads to the equation of the Riemann surface
λ =
p2
2
+H0 −
∑
ǫm ln(p− a
m)
associated with K + 1 component hydrodynamic type system
akt = ∂x
(
(ak)2
2
+H0
)
, ∂tH0 = ∂x
(∑
ǫma
m
)
,
which has the local Hamiltonian structure
ait =
1
ǫi
∂x
∂H3
∂ai
, ∂tH0 = ∂x
∂H3
∂H0
,
where the momentum and the Hamiltonian densities are given, respectively, by
H2 =
1
2
∑
ǫm(a
m)2 +
1
2
H20 , H3 =
1
6
∑
ǫm(a
m)3 +H0
∑
ǫma
m.
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3. Suppose now, that H2 = Σǫma
m. Then (see (19))
∂τ(ζ)H2 ≡ ∂τ(ζ)
(∑
ǫma
m
)
= ∂x
(∑
ǫm ln(p(ζ)− a
m)
)
= ∂x
(
p3(ζ)
3
+H0p(ζ) +H1
)
leads to the equation of the Riemann surface
λ =
p3
2
+H0p+H1 −
∑
ǫm ln(p− a
m),
associated with K + 2 component hydrodynamic type system
akt = ∂x
(
(ak)2
2
+H0
)
, ∂tH0 = ∂xH1, ∂tH1 = ∂x
(∑
ǫma
m −
H20
2
)
,
which has the local Hamiltonian structure
ait =
1
ǫi
∂x
∂H4
∂ai
, ∂tH0 = ∂x
∂H4
∂H1
, ∂tH1 = ∂x
∂H4
∂H0
,
where the momentum and the Hamiltonian densities are given, respectively, by
H3 =
1
2
∑
ǫm(a
m)2 +H0H1, H4 =
1
6
∑
ǫm(a
m)3 +
1
2
H21 −
1
6
H30 +H0
∑
ǫma
m.
All other hydrodynamic reductions of the Benney hydrodynamic chain possessing local
Hamiltonian structures
ait =
1
ǫi
∂x
∂HM+2
∂ai
, ∂tHk = ∂x
∂HM+2
∂HM−k
(21)
are associated with equations of the Riemann surfaces
λ =
pM+1
M + 1
+H0p
M−1 +H1p
M−2 + PM−3(H, p)−
∑
ǫm ln(p− a
m), (22)
where PM−3(H, p) is a polynomial of a degree M − 3 with respect to p, whose coefficients
depend on H0, ..., HM−1. In such a case, the moment decomposition (cf. (11))
A˜k =
1
k + 1−M
N∑
m=1
ǫm(a
m)k+1−M , k = M,M + 1, ... (23)
reduces the Benney hydrodynamic chain
A˜0t = A˜
1
x, A˜
k
t = A˜
k+1
x + (k −M)A˜
k−1A˜0x, k = 1, 2, ... (24)
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to (21). These hydrodynamic reductions were found by the so-called “symmetry con-
straint” approach (see [2]). The moments A˜k are connected with Ak by invertible trian-
gular point transformations A˜k(A0, A1, ...Ak). It is easy to see comparing equations of the
Riemann surfaces (cf. (10) and (22))
λ =
1
M + 1
(
p+
∞∑
k=0
Ak
pk+1
)M+1
=
pM+1
M + 1
+ pM
∞∑
k=0
A˜k
pk+1
.
Remark: More complicated hydrodynamic reductions (cf. (17))
akt = ∂x
(
(ak)2
2
+H0
)
, k = 1, 2, ..., K,
∂tHn = ∂x
(
Hn+1 −
1
2
n−1∑
m=0
HmHn−1−m
)
, n = 0, 1, ...,M − 2, (25)
∂tHM−1 = ∂x
(
HM(∆,H)−
1
2
M−2∑
m=0
HmHM−2−m
)
,
where ∆ = Σfk(a
k), can be associated with different Riemann mappings λ(p). Vlasov
equation (12) is invariant under an arbitrary scaling λ˜(λ). Let us consider in such a case,
the substitution (instead of (10))
λ = f
(
p+
A0
p
+
A1
p2
+
A2
p3
+ ...
)
, (26)
where f(p) is an arbitrary entire function. A corresponding Taylor expansion
λ = f(p) +
1
p
(
A0 +
A1
p
+
A2
p2
+ ...
)
f ′(p) +
1
2p2
(
A0 +
A1
p
+
A2
p2
+ ...
)2
f ′′(p) + ...
can be reduced to the form
λ = f(p) + f˜(p) ·
(
A˜0 +
A˜1
p
+
A˜2
p2
+ ...
)
,
where A˜k(A0, A1, ..., Ak) are polynomials, and f˜(p) is some function. Indeed, a substi-
tution of this ansatz in the Vlasov equation leads to the Benney hydrodynamic chain
written in the form
A˜kt = A˜
k+1
x − [β−1A˜
k+1+β0A˜
k+(β1+1−k)A˜
k−1+β2A˜
k−2+ ...+βkA˜
0+αk]
A˜0x
α−1 + β−1A˜
0
,
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where
f ′(p)
f˜(p)
= α−1p+ α0 +
α1
p
+
α2
p2
+ ...,
f˜ ′(p)
f˜(p)
= β
−1p+ β0 +
β1
p
+
β2
p2
+ ...
If, for instance, f ′(p) = pM , then the Benney hydrodynamic chain (α−1 = 1, β1 = M − 1;
all other coefficients αk and βk vanish) can be written in form (24). We believe that
all moments A˜k (except first M moments A˜0, A˜0, ..., A˜M−1) in the Benney hydrodynamic
chain written in the above form can be expressed via field variables ai as (cf. (2))
A˜k =
N∑
m=1
fm(k)(a
m), k = M,M + 1, ..., (27)
for some set of constants αk and βk, where the functions fm(k)(z) are uniquely deter-
mined by the sole function f(z) (see (26)). Indeed, a substitution of this ansatz in (24)
immediately implies (23). Several such sub-cases are considered in next two Sections.
3 Simplest solutions of the Gibbons–Tsarev system
The first non-trivial case in this paper is given by N component hydrodynamic reduction
(3), where u is a solution of Gibbons–Tsarev system (7). Let us suppose that u depends
on a sole function ∆ = Σfk(a
k) only. In such a case, three distinguished sub-cases can be
extracted.
I. Gibbons–Tsarev system (7) admits N parametric solution (8). This sub-case is well
known, and already is considered with constraint (5) in previous Sections. Let us briefly
consider this sub-case without constraint (5). Since a solution of the linear PDE (12) is
determined up to an arbitrary function λ˜(λ), let us choose a new function λ such that
(see (9))
λ− ǫ lnλ = p−
∑
ǫm ln(p− a
m),
where ǫ ≡ Σǫm. A substitution of (13) instead λ in the above formula leads to explicit
expressions of conservation law densities Hn via moments A
k (see (11)). Then the Benney
11
hydrodynamic chain
A0t = ∂x(A
1 + ǫA0), Akt = A
k+1
x + kA
k−1A0x, k = 1, 2, ...
is equipped by the deformed Kupershmidt–Manin Poisson bracket (cf. [9])
{A0, A0} = ǫδ′(x− x′), {Ak, An} = [kAk+n−1∂x + n∂xA
k+n−1]δ(x− x′), k + n > 0.
II. Let us look for a solution of Gibbons–Tsarev system (7) in the more general form
u = Σfm(a
m), where fk(a
k) are not yet determined functions. A substitution of this
ansatz in (7) leads to the new N + 1 parametric solution
u =
1
ǫ0
∑
ǫme
ǫ0a
m
,
where ǫ0 and ǫk are arbitrary constants. A corresponding equation of the Riemann surface
is given by
λ = −
1
ǫ0
e−ǫ0p −
∑
ǫm
∫
e−ǫ0(p−a
m)d ln(p− am). (28)
Hydrodynamic type system (3) can be rewritten as the Benney hydrodynamic chain writ-
ten in the form
Akt = A
k+1
x + (ǫ0A
k + kAk−1)A0x,
where
dAk =
∑
ǫm(a
m)keǫ0a
m
dam.
Then (28) (instead (10)) reduces to the form (p→∞)
λ = e−ǫ0p
(
−
1
ǫ0
+
∞∑
m=0
An
pn+1
)
.
III. Let us look for a solution of Gibbons–Tsarev system (7) in the form u(∆), where
∆ = Σfm(a
m), where fk(a
k) are not yet determined functions. A substitution of this
ansatz in (7) leads to the new N + 2 parametric solution
u =
1
σ
ln(σ∆+ ξ), f ′k(a
k) = ǫk exp
(
ǫ0a
k −
σ(ak)2
2
)
12
where σ, ξ, ǫ0 and ǫk are arbitrary constants (if σ 6= 0, the constant ξ is removable by an
appropriate shift A0 → A0 − ξ/σ, i.e. just N + 2 independent arbitrary constants). A
corresponding equation of the Riemann surface can be found in quadratures
dλ = (σ∆+ ξ)e
σ
2
p2−ǫ0pdp− e
σ
2
p2−ǫ0p
∑
ǫme
ǫ0a
m
−
σ
2
(am)2d ln(p− am).
Let us introduce an infinite set of moments Ak(a) determined by quadratures
dAk =
∑
ǫm(a
m)keǫ0a
m
−
σ
2
(am)2dam.
In such a case, hydrodynamic type system can be written as the Benney hydrodynamic
chain (cf. (1) and (14)) written in the form
Akt = A
k+1
x + (−σA
k+1 + ǫ0A
k + kAk−1)
A0x
σA0 + ξ
.
Then above equation of the Riemann surface reduces to the form (p→∞)
λ = ξ
∫
e
σ
2
p2−ǫ0pdp+ e
σ
2
p2−ǫ0p
∞∑
n=0
An
pn+1
.
4 Second and third particular cases
In this Section, two extra multi-parametric generalizations (see (25)) of hydrodynamic
reductions equipped by local Hamiltonian structures of the Dubrovin–Novikov type (see
Section 2) are described.
1. K + 1 component hydrodynamic reduction (cf. (3) and (17))
ut = vx, a
k
t =
(
(ak)2
2
+ u
)
, k = 1, 2, ..., K, (29)
where v ≡ H1(a, u), is a semi-Hamiltonian hydrodynamic type system if at least one extra
conservation law (see (14), n = 1)
vt = ∂x
(
w −
u2
2
)
,
13
where w ≡ H2(a, u), exists. In such a case, the compatibility conditions ∂i(∂kw) = ∂k(∂iw)
and ∂k(∂uw) = ∂u(∂kw) lead to the Gibbons–Tsarev system (cf. (7))
(ai − ak)∂ikv = ∂kv · ∂iuv − ∂iv · ∂kuv, i 6= k,
∂kv · ∂uuv = (∂uv − a
k)∂kuv + ∂kδv,
where ∂uw = δv+(∂uv)
2+u and ∂iw = (∂uv+a
i)∂iv. A consistency of (4) and (29) leads
to the Lo¨wner equations (cf. (6))
∂ip =
∂iv
ai − p
(
p− ∂uv +
∑ ∂mv
am − p
)
−1
, ∂up = −
(
p− ∂uv +
∑ ∂mv
am − p
)
−1
.
Suppose (like in the previous Section) that v depends on u and a sole function ∆ =
Σfk(a
k) only. This ansatz reduces the above Gibbons–Tsarev system to
∂∆∆v = 0, ∂uuv = (∂uv − a
k)
∂u∆v
∂∆v
+
f ′′k (a
k)
f ′k(a
k)
,
whose solution is given by
v = (β∆+ α)e−ǫ0u +
γ
ǫ0
u, ln f ′k = ln ǫk + γa
k −
ǫ0
2
(ak)2,
where α, β, γ, ǫ0 and ǫk are constants.
Then these Lo¨wner equations can be integrated once, and equation of the Riemann
surface can be found in quadratures
dλ =
1
ǫ0
de
ǫ0
2
p2−γp+ǫ0u + ǫ0(β∆+ α)e
ǫ0
2
p2−γpdp− βe
ǫ0
2
p2−γp
∑
f ′m(a
m)d ln(p− am).
Introducing moments Ak by their derivatives
dAk =
∑
(am)k−1f ′m(a
m)dam, k = 1, 2, ...,
the above equation reduces to
λ =
1
ǫ0
e
ǫ0
2
p2−γp+ǫ0u + αǫ0
∫
e
ǫ0
2
p2−γpdp+ βe
ǫ0
2
p2−γp
∞∑
n=1
An
pn
.
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A corresponding form of the Benney hydrodynamic chain is given by
ut = ∂x
(
(βA1 + α)e−ǫ0u +
γ
ǫ0
u
)
,
Akt = A
k+1
x + (−ǫ0A
k+1 + γAk + (k − 1)Ak−1)ux, k = 1, 2, ...
Remark: Hydrodynamic reductions (29) depend on N + 3 arbitrary parameters
α, β, ǫ0 and ǫk, because the constant γ can be removed by the Galilean transformation.
2. K + 2 component hydrodynamic reduction (cf. (3) and (17))
ut = vx, vt = ∂x
(
w −
u2
2
)
, akt =
(
(ak)2
2
+ u
)
, k = 1, 2, ..., K, (30)
where w ≡ H2(a, u, v), is a semi-Hamiltonian hydrodynamic type system if at least one
extra conservation law (see (14), n = 2)
wt = ∂x (s− uv) ,
where s ≡ H3(a, u, v), exists. In such a case, the compatibility conditions ∂i(∂ks) =
∂k(∂is), ∂k(∂us) = ∂u(∂ks), ∂k(∂vs) = ∂v(∂ks), ∂v(∂us) = ∂u(∂vs) lead to the Gibbons–
Tsarev system (cf. (7))
(ai − ak)∂ikw = ∂kw · ∂ivw − ∂iw · ∂kvw, i 6= k,
∂kw · ∂vvw = (∂vw − a
k)∂kvw + ∂kuw,
∂uuw + ∂vw · ∂uvw = (∂uw − u)∂vvw + ∂vδw,
ak∂kuw + ∂kw · ∂uvw = (∂uw − u)∂kvw + ∂kδw,
where ∂us = v+ δw+ (∂uw− u)∂vw, ∂vs = u+ ∂uw+ (∂vw)
2 and ∂is = (∂vw+ a
i)∂iw. A
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consistency of (4) and (30) leads to the Lo¨wner equations (cf. (6))
∂ip =
∂iw
ai − p
(
p2 − p∂vw + u− wu +
∑ ∂mw
am − p
)
−1
,
∂up = (∂vw − p)
(
p2 − p∂vw + u− wu +
∑ ∂mw
am − p
)
−1
,
∂up = −
(
p2 − p∂vw + u− wu +
∑ ∂mw
am − p
)
−1
.
Suppose that w depends on u, v and a sole function ∆ = Σfk(a
k) only. This ansatz
reduces the above Gibbons–Tsarev system to
∂u∆w = ∂∆w · ∂vvw, ∂uuw + ∂vw · ∂uvw = (∂uw − u)∂vvw,
∂∆∆w = 0, ∂v∆w = 0, ∂uvw + a
k ∂u∆w
∂∆w
=
f ′′k (a
k)
f ′k(a
k)
,
whose solution is given by
w = (β∆+ α)e−ǫ0u −
ǫ0
2
v2 + (γu+ δ)v +
ǫ0 − γ
2
2ǫ0
u2 +
(
−
1 + γδ
ǫ0
+
γ2
ǫ20
)
u,
ln f ′k = ln ǫk + γa
k −
ǫ0
2
(ak)2,
where α, β, γ, ǫ0 and ǫk are constants.
Then these Lo¨wner equations can be integrated once, and equation of the Riemann
surface can be found in quadratures
dλ = d
[(
v +
p− γu− δ
ǫ0
+
γ
ǫ20
)
e
ǫ0
2
p2−γp+ǫ0u
]
+ ǫ0(β∆+ α)e
ǫ0
2
p2−γpdp
−βe
ǫ0
2
p2−γp
∑
f ′m(a
m)d ln(p− am).
Introducing moments Ak by their derivatives
dAk =
∑
(am)k−2f ′m(a
m)dam, k = 2, 3, ...,
16
the above equation reduces to
λ =
(
v +
p− γu− δ
ǫ0
+
γ
ǫ20
)
e
ǫ0
2
p2−γp+ǫ0u + αǫ0
∫
e
ǫ0
2
p2−γpdp+ βe
ǫ0
2
p2−γp
∞∑
n=2
An
pn−1
.
A corresponding form of the Benney hydrodynamic chain is given by
ut = vx, vt = ∂x(w − u
2/2),
Akt = A
k+1
x + (ǫ0A
k+1 + γAk + (k − 2)Ak−1)ux, k = 2, 3, ...,
where
w = (βA2 + α)e−ǫ0u −
ǫ0
2
v2 + (γu+ δ)v +
ǫ0 − γ
2
2ǫ0
u2 +
(
−
1 + γδ
ǫ0
+
γ2
ǫ20
)
u.
Remark: Hydrodynamic reductions (30) depend on N + 4 arbitrary parameters
α, β, γ, ǫ0 and ǫk, because the constant δ can be removed by a combination of a shift
and the Galilean transformation.
5 Conclusion and Outlook
In the same way, all other hydrodynamic reductions (25) can be completely described.
Possibly, most general ansatz is given by (17), where the function HK(a,H) depend on a
finite number of moments A˜l (see (27)), i.e. l = 0, 1, ..., L, where L is some natural number.
For instance, let us suppose that H0 depends on ∆1 = Σfk(1)(a
k) and ∆2 = Σfk(2)(a
k)
only, and fi(a
k) are unknown functions yet. In the simplest case, fk(1)(a
k) = ǫka
k and
fk(2)(a
k) = ǫk(a
k)2. Corresponding hydrodynamic reduction is determined by H0 = [∆2−
∆21/(1 + Σǫm)]/2.
Two important observations are made in this paper. The Lo¨wner equations can be
derived faster via generating functions of commuting flows (see, for instance, Section 2)
than directly from a consistency of generating functions of conservation laws and cor-
responding “symmetric” hydrodynamic reductions. The Gibbons–Tsarev system can be
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derived faster from an existence of an extra conservation law than from a consistency of
the Lo¨wner equations. It looks like that this is a common feature of any integrable hydro-
dynamic chains. However, this, possibly, universal behavior needs a priori known formu-
lation of hydrodynamic chains in their conservative form as well as generating functions of
commuting flows, that is usually can be found just after a special separate investigation.
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